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We clarify the long-standing controversy concerning the behavior of the ground state fidelity in the
vicinity of a quantum phase transition of the Berezinskii-Kosterlitz-Thouless type in one-dimensional
systems. Contrary to the prediction based on the Gaussian approximation of the Luttinger liquid
approach, it is shown that the fidelity susceptibility does not diverge at the transition, but has a
cusp-like peak χc − χ(λ) ∼
√
|λc − λ|, where λ is a parameter driving the transition, and χc is the
peak value at the transition point λ = λc. Numerical claims of the logarithmic divergence of fidelity
susceptibility with the system size (or temperature) are explained by logarithmic corrections due to
marginal operators, which is supported by numerical calculations for large systems.
PACS numbers: 64.70.Tg, 03.67.-a, 64.60.an, 75.10.Jm
I. INTRODUCTION
The ground state fidelity,1–3 a concept stemming from
quantum information theory, is the overlap amplitude
F (λ, λ+ δλ) = |〈ψ0(λ)|ψ0(λ+ δλ)〉| between two ground
state wave functions of the Hamiltonian Hˆ(λ) = Hˆ0+λVˆ
at different values of the coupling parameter λ. It is
widely used as an unbiased indicator of quantum phase
transitions,2–5 especially in one-dimensional (1D) sys-
tems where a very accurate numerical calculation of
the ground state wave function is possible thanks to
the well-developed density matrix renormalization group
(DMRG) technique.6,7 Hereafter, we restrict the discus-
sion to the 1D case.
Fidelity vanishes exponentially with the system size L.
The fidelity susceptibility per site (FS)
χL = (1/L) lim
δλ→0
[− 2 lnF (λ, λ + δλ)]/(δλ)2
is an intensive quantity expected to diverge in the ther-
modynamic limit L → ∞ at the phase transition point
λ = λc due to nonanalyticity in the ground state. For
finite L, this divergence translates into a presence of a
peak in χL(λ) at λ = λ∗, with λ∗ → λc and χL(λ∗)→∞
at L → ∞. Assuming a translational invariant system
with the unique ground state, perturbed by a local op-
erator Vˆ = ∂λHˆ =
∑
x Vˆ (x), one obtains
2 the following
connection
χL =
∫ L
a
dx
∫ ∞
0
dτ τG(x, τ), (1)
between the FS and the reduced correlation func-
tion G(x, τ) = 〈〈Vˆ (x, τ)Vˆ (0, 0)〉〉 ≡ 〈Vˆ (x, τ)Vˆ (0, 0)〉 −
〈Vˆ (0, 0)〉2, where the imaginary time evolution is de-
fined by Vˆ (x, τ) = eτHˆVˆ (x)e−τHˆ, averages are taken
in the ground state |ψ0(λ)〉, and a is the short-range
(lattice) cutoff. Expression (1) diverges at L → ∞ as
χ ∝ L1+2z−2∆V , where ∆V is the scaling dimension of
Vˆ (x) at the critical point and z is the dynamic exponent,
as long as ∆V < z + 1/2. At ∆V = z + 1/2 there is only
a logarithmic divergence,8 and with the further increase
of ∆V the FS remains finite at the critical point.
II. CONTROVERSY
The above arguments2 show that the FS must be in-
sensitive not only against marginal and irrelevant pertur-
bations (∆V ≥ z + 1), but even against relevant pertur-
bations with z + 1/2 < ∆V < z + 1. In the case of the
Berezinskii-Kosterlitz-Thouless (BKT) phase transition,
z = 1 and ∆V = 2, so it has been initially concluded
2,3,9
that transitions of this type cannot be detected by means
of the finite-size scaling analysis of the FS. A prominent
example of the BKT transition is the transition at the
isotropic point λ = 1 in the so-called XXZ spin- 1
2
chain
defined by the Hamiltonian
HˆXXZ =
∑
n
{
SxnS
x
n+1 + S
y
nS
y
n+1 + λS
z
nS
z
n+1
}
, (2)
where San are spin-
1
2
operators at site n.
This conclusion has been apparently defeated by
Yang10 and Fjærestad.11 Their approach uses the fact
that the low-energy effective theory of the model (2) (as
well as of many other gapless 1D systems), obtained by
the Abelian bosonization,12 is the so-called Luttinger liq-
uid (LL) described by the Hamiltonian
Heff = v
2
∫
dx
{
KΠ2 +
1
K
(∂xΦ)
2
}
, (3)
where Φ is the compact bosonic field (Φ = Φ+
√
pi), and
Π is its conjugate momentum. The velocity v = v(λ)
and the LL parameter K = K(λ) are generally func-
tions of the original coupling λ that have to be obtained
as fixed points of the renormalization group (RG) flow
equations. Alternatively, they can be extracted from
the knowledge of exact long-distance behavior of correla-
tion functions. For the XXZ model (2), exact correlator
2asymptotics is known from the Bethe ansatz, which yields
K = pi/[2(pi−arccosλ)] and v = pi√1− λ2/(2 arccosλ).13
Since the effective model (3) is quadratic, one can explic-
itly calculate the fidelity F (K,K + δK) and obtain for
the FS in the thermodynamic limit
χ|L=∞ = (∂λK)2/(8aK2). (4)
The dependence K(λ) is singular at λ = 1, which leads
to the divergence of the FS χ ∝ (1− λ)−1.
This direct calculation of overlaps might seem ques-
tionable since the connection between the wave functions
of the initial model and its fixed-point low-energy the-
ory is not so clear. Instead, one can use an alternative
derivation due to Sirker14 based on the relation (1). In-
deed, using the effective Hamiltonian (3), the perturba-
tion Vˆ = ∂λHˆ can be represented as
Vˆ =
∂λv
v
Hˆ(λ) + v∂λK
2K
∫
dx Wˆ (x), (5)
where
Wˆ (x) = KΠ2 − 1
K
(∂xΦ)
2. (6)
The first term in (5) commutes with Hˆ(λ) and thus gives
no contribution into χL,
15 but the second term con-
tributes the prefactor leading exactly to the form (4).
The scaling dimension of the second term is ∆W = 2, so
the correlator in (1) behaves as
G(x, τ) ∼ A(λ)v2(x2 + v2τ2)−2, (7)
the integral in (1) is finite at L→∞, and the divergence
originates solely from the prefactor.
One can show that this singular behavior of K(λ) is
a generic property of any BKT transition. The general
theory of a BKT transition is given by the Hamiltonian
(3) perturbed by the cosine term −(u/a2) cos(√16piΦ),
where a is the lattice cutoff and u is the dimensionless
coupling. The proximity to the transition is controlled
by the parameter (λc − λ) ≈ K − 1/2− piu/2. It follows
from the RG equations16,17 that in the thermodynamic
limit the fixed point behavior is K−1/2 ≈
√
piu(λc − λ),
so the FS diverges. In a finite system, however, the RG
flow should be stopped at the RG scale l ∝ ln(L/a),
and the derivative of K behaves as (∂K/∂λ) ≈ (4piu/3)l
at l → ∞, so according to (4) the FS at the transition
should scale as
χL ∝ u2 ln2(L/a). (8)
Indeed, numerical results show that in the vicinity
of the isotropic point the FS exhibits a peak18 located
at λ > 1, which moves very slowly towards λ = 1
with increasing L, and whose height grows with L much
faster than corrections in powers of 1/L could explain.19
A similar behavior has been reported14 for the finite-
temperature FS, and the results were claimed to be con-
sistent with the ln2(T0/T ) behavior, essentially of the
same origin as Eq. (8) (in the case of an infinite system
at finite temperature, the RG flow is stopped at the scale
l ∼ ln(T0/T ) where T0 is some nonuniversal energy scale
of the order of the spin exchange energy). Recently, for
the XXZ chain a divergent FS similar to (4) has been
claimed20 on the basis of the real-space quantum renor-
malization group. On the other hand, other authors did
not see any divergence in the FS at BKT-type transi-
tions in the spin- 1
2
XXZ chain9 and in bosonic Hubbard
model.21,22 Further, comparison of the FS calculated ac-
cording to (4) with the numerical results shows14 that
in order to fit the data one has to assume the ultraviolet
cutoff a to be strongly λ-dependent even in the vicinity of
the free fermion point λ = 0. This controversy is aggra-
vated by the fact that a logarithmic growth is difficult to
distinguish numerically from the well known logarithmic
finite-size corrections at the BKT transitions.
III. RESOLUTION OF CONTROVERSY
There is a subtle problem with the above derivation
of a diverging FS, immediately revealed by a closer look
at the representation (5): recalling the original model
(2), we see that Vˆ =
∑
n S
z
nS
z
n+1, so Vˆ (x) is a bounded
operator, while in Eq. (5) the bounded operator Wˆ (x)
carries a prefactor that diverges at λ→ 1 independently
of any ultraviolet cutoff. This indicates that the diver-
gence might be an artefact of the effective representation
(5), built on the Abelian bosonization and becoming in-
applicable in the vicinity of the transition point. A sim-
ilar problem is known for the amplitudes of correlation
functions calculated by Lukyanov:23 the amplitudes ex-
plode at λ → 1, meaning that the applicability of the
correspondent asymptotics is pushed to larger and larger
distances. The integral (1) is convergent at L → ∞, so
divergences coming from such prefactors may be compen-
sated by terms neglected in Eq. (3).
Generally, one should not rely on divergences stem-
ming from prefactors of operators of the fixed point ac-
tion (action where we neglect all irrelevant terms in par-
ticular those that may and will lead to cancellation of
these spurious divergences in physical quantities). How-
ever, infrared divergences due to the correlators of the
fixed point action are physical, since irrelevant terms,
being ’harmless’ at long distances, can not compensate
them.
Assuming, from the boundedness of Vˆ (x), that the
amplitude A(λ) in the correlator (7) remains finite at
λ → 1, one returns to the initial conclusion that the
FS at the transition stays finite as well. Finite-size cor-
rections to χ might be naively estimated in a standard
way by exploiting the conformal symmetry: substitution
(x±ivτ) 7→ (L/pi) sinh [ piL (vτ ± ix)] in the correlator (7),
mapping infinite space-time onto a stripe, yields
χL = χ0(λ)
[
1− pia
L
+O(L−2)
]
, χ0(λ) ∼ piA(λ)
2a
. (9)
3Although numerical results2,9,20 for the model (2) in the
gapless phase |λ| < 1 are indeed consistent with (9), this
type of finite-size scaling certainly breaks down close to
the observed peak in the FS.2,9,18 The logarithmic modi-
fication of the correlator G(x, 0) 7→ lnα(x)G(x, 0), which
can take place at the isotropic point λ = 1, would affect
the finite-size corrections in (9) only by changing them
from L−1 to L−1 lnα(L), not solving the problem.
To obtain the correct finite-size scaling of χ close to
the SU(2)-symmetric BKT transition point λ = 1, it is
convenient to use non-Abelian bosonization.24
In non-Abelian approach, the low-energy theory of the
model (2) is described by the Hamiltonian
H =HWZW −
∫
dx
2pi
{
g‖J0J¯0 +
g⊥
2
(J+J¯−+J−J¯+)
}
,(10)
where HWZW corresponds to level k = 1 SU(2) Wess-
Zumino-Witten (WZW) theory,25
HWZW = 2piv
3
∫
dx
{
: J · J : + : J¯ · J¯ :
}
, (11)
and the second term in (10) describes marginal current-
current perturbation. Here J and J¯ are the currents of
left- and right-movers, which are holomorphic functions
of the complex coordinates z = x + ivτ and z∗, respec-
tively, and : . . . : denotes normal ordering. Currents sat-
isfy the Kac-Moody algebra
[Ja(z), Jb(z′)] =
i
2pi
δabδ
′(z − z′) + iεabcJc(z)δ(z − z′),
(12)
and their two-point correlation functions evaluated with
the unperturbed WZW fixed point action (in an infinite-
size system) are given by
〈Ja(z)Jb(0)〉 = δab
4pi2|z|2 , 〈J
a(z)J¯b(z′)〉 = 0. (13)
For finite system size L the first correlator in Eq.
(13) gets modified by the conformal substitution z 7→
L
pi sin(
piz
L ) and the second equation of Eq. (13) gets modi-
fied into 〈Ja(z)J¯b(z′)〉 ∝ 1L2 . The cartesian and spherical
components of the currents are connected in a standard
way, J± = Jx ± iJy, J0 = Jz.
Running couplings g‖ and g⊥ are governed by the fol-
lowing BKT-type RG equations:26
dg‖
dl
= − 2g
2
⊥
2− g‖
,
dg⊥
dl
= − 2g‖g⊥
2− g‖
, (14)
where l is the RG scale.
The fidelity-changing perturbation Vˆ =
∑
n S
z
nS
z
n+1
can be represented as
Vˆ = λ−1
{
HˆXXZ −
∑
n
(SxnS
x
n+1 + S
y
nS
y
n+1)
}
7→ λ−1H−
∫
dxOˆ(x, τ), (15)
0 z 0
z
z
(b)(a)
FIG. 1. Diagrams for the current correlators contributing to
χ0 (a) and χ1 (b), see Eqs. (18), (20), with continuous and
dashed lines indicating left- and right-movers, respectively.
where
Oˆ(x, τ) ∼ (J+ + J¯+)(J− + J¯−) + h.c. (16)
One can evaluate the correlator G(x, τ) =
〈〈Oˆ(x, τ)Oˆ(0, 0)〉〉 in the perturbed WZW model
(10), and calculate the fidelity susceptibility
χL =
∫ L
a
dx
∫∞
0
dτ τG(x, τ), to the lowest order in
the couplings g‖, g⊥. Doing so, one obtains
χL = χ0 − g‖χ1 +O(g2‖ , g2⊥), (17)
where χ0, χ1 are finite positive constants discussed below.
The “unperturbed” value χ0 of the FS (i.e., with-
out taking into account corrections due to marginal
operators) is determined by the four-current correla-
tors (see the diagram shown in Fig. 1(a)), that fac-
torize into a product of two-point functions such as
〈〈J+(z)J−(0)〉〉〈〈J¯−(z)J¯+(0)〉〉,
χ0 ∝
∫
τθ(τ) d2z
|z|4 > 0. (18)
Above we have used the infinite-size current correlators
(13). The constant χ0 here coincides with χ0(λ = 1) in
Eq. (9). If one takes the finite-size corrections into ac-
count by correcting current-current correlators (13) with
the help of the conformal substitution z 7→ Lpi sin(pizL ), the
value χ0 gets modified according to
χ0 7→ χ0
(
1− pia/L
)
+O(1/L2). (19)
The other constant
χ1 ∝
∫
τθ(τ) d2z d2z′
|z|2|z′|2|z − z′|2 > 0 (20)
is determined by six-current correlators that correspond
to three-point functions27 of the marginal operator
Oˆ, such as 〈〈J+(z)J0(z′)J−(0)〉〉〈〈J¯−(z)J¯0(z′)J¯+(0)〉〉 (see
Fig. 1(b)).
A. Finite-size scaling
Combining Eqs. (17), (19), and the RG equations (14)
we can determine the finite-size scaling of the FS in the
vicinity of the BKT transition.
4First we consider the scaling right at the transition,
i.e., at the isotropic point. It is well known that finite-size
corrections from marginal operators are only suppressed
logarithmically28–31 in the system size. Indeed, at the
SU(2) point λ = 1 one has g⊥ = g‖ = g > 0, and for
weak coupling the solution of RG equations simplifies to
g(l) ≃ 1/l, where l is the RG scale. In the spirit of
Ref. 28, one can stop the RG flow at the length scale
lL ∼ ln(L/a), and replace the running coupling g(l) in
Eq. (17) by its “RG-improved” value g(lL) ∼ 1/ ln(L/a)
taken at this scale, which yields the following logarithmic
finite-size scaling:
χL ≃ χ0 − χ1
ln(L/a)
+O
[
1
ln2(L/a)
]
. (21)
We expect such scaling of the FS to be valid at BKT
transitions in other 1D models as well, since any BKT
transition point exhibits an enhanced SU(2) symmetry.
Away from the SU(2) point inside the gapless region,
log corrections in (21) get replaced by power laws. In-
deed, close to the SU(2) point the running coupling in the
leading correction to FS in Eq. (17) can be RG-improved
as32 g‖(lL)−g∗ ∝ (a/L)8K−4, where the fixed point value
of g‖ is g∗ ≡ g‖(l = ∞) = 2 − K−1. Thus, for K < 58
(λ > cos pi
5
≈ 0.81 in the XXZ chain) the leading contri-
bution to the finite size scaling of χL is given by
χL − χ∞ ∼ −(a/L)8K−4, K < 5/8, (22)
which transforms into log corrections in the SU(2) limit
K → 1
2
. For K > 5
8
, the above correction becomes sub-
leading with respect to the 1/L terms stemming from
(19), and thus the leading finite-size correction is
χL − χ∞ ∝ −(a/L), K > 5/8. (23)
B. Finite-temperature corrections
The above analysis is easily carried over to the low-
temperature behavior of FS. We adopt the definition
of the finite-temperature FS4 based on (1) with ground
state averages replaced by thermal ones, and the upper
integration limit in τ set to 1/(2T ). Perturbative correc-
tions to the FS will be again determined by the formula
(17), with the “RG-improved” couplings taken at the RG
cutoff scale lT ∼ ln(T0/T ), where T0 ∼ v is some energy
scale of the order of the exchange constant (set to unity
in our Hamiltonian (2)).
Note that in this case the conformal substitution
z 7→ vpiT sinh
(
piTz
v
)
in the correlator (7) leads only
to quadratic finite-temperature corrections of the type
χ− χ0 ∝ −T 2. However, there is another contribution14
to the correlator stemming from the term in the pertur-
bation that is proportional to the Hamiltonian (the first
term in Eq. (5), or Eq. (15)). This contribution is propor-
tional to the variance of the Hamiltonian, 〈H2〉 − 〈H〉2,
and while it vanishes exactly in the ground state (con-
trary to what is stated in Ref. 14), the corresponding
expression is nonzero in the case of thermal averages.
This yields the following correction to the FS
χ 7→ χ+ cv
8
(∂λv
v
)2
, (24)
where cv = (piT/3v) is the specific heat of the model, so
the correction is obviously positive and linear in T . So,
in the finite-temperature case Eq. (24) can be viewed as
being formally similar to Eq. (19), if one substitutes a/L
by T/T0 (up to the change of sign of the correction).
In view of the above, the low-temperature behavior of
the FS can be deduced from Eqs. (21)-(23) by means of
the substitution (a/L) 7→ (T/T0). Particularly, at the
isotropic point
χ(T )|L=∞ − χ0 ∝ −1/ ln(T0/T ), T → 0. (25)
Away from the SU(2) point, the leading low temperature
correction to χ(T )|L=∞ depends on λ: for λ > cos pi5 the
correction is negative,
χ(T )|L=∞ − χ0 ∝ −(T/T0)8K−4, (26)
while for λ < cos pi
5
it becomes positive,
χ(T )|L=∞ − χ0 ∝ T. (27)
Thus, the finite-temperature correction has to vanish at
some value of λ close to cos pi
5
. This explains crossing of
FS curves corresponding to different low temperatures at
λ ≃ cos pi
5
in Fig. 4(a) of Ref. 14.
C. The FS behavior in the thermodynamic limit
Finally, we would like to discuss the shape of the FS
curve χL(λ) in the vicinity of the BKT transition at λ =
λc, in the thermodynamic limit L → ∞. Right at the
transition, the FS is finite, χL→∞(λc) = χ0. Off the
transition point inside the gapped region, we can again
use Eq. (17) to calculate the leading correction to the FS.
In the gapped region, there is a finite correlation length
ξ ∼ eB|λ−λc|−1/2 , where B is some positive numerical
factor, so for L ≫ ξ the RG flow gets stopped at the
scale lξ ∼ ln(ξ/a), and, similar to Eq. (21), we obtain
the leading contribution as
χ0 − χgapped(λ) ∝ 1
lξ
∝ |λ− λc|1/2. (28)
We note that in the gapped region there is an additional
factor exp{−(x2+v2τ2)1/2/ξ} in the correlator (7), but it
only introduces a negligible (very smooth) modification
of the FS in the vicinity of BKT point, since the correla-
tion length diverges exponentially at the transition.
On the other side of the BKT transition, inside the
gapless region, as we have already seen in Sec. III A, the
coupling g‖ flows to the finite fixed point value g∗ =
2 − 1/K, and finite-size corrections vanish according to
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FIG. 2. (Color online). (a) The fidelity susceptibility for
spin- 1
2
XXZ chain (2) of up to L = 500 spins, as a function
of the anisotropy λ; symbols denote DMRG results, and lines
are guide to the eye. (b) The finite-size scaling of the peak
position λ∗ and amplitude χL(λ∗); lines are results of fits to
(21) and (31), see text for details.
the power law g‖(lL) − g∗ ∝ (a/L)8K−4. Hence, in the
thermodynamic limit L→∞ one has
χ0 − χgapless(λ) ∝ (2− 1/K) ∝ |λ− λc|1/2. (29)
Thus, in the thermodynamic limit, in the vicinity of the
BKT transition, the FS exhibits a peak with the square-
root cusp:
χL=∞(λ) = χ0 − α±
√
|λ− λc|, λ→ λc ± 0, (30)
where α± are some positive factors.
It should be mentioned that the cusp must be rather
difficult to observe numerically: finite-size corrections
tend to smoothen the cusp, so one has to study sys-
tems up to a sufficiently large size L. Another remark
concerns the problem of defining the FS in the thermo-
dynamic limit if the ground state is degenerate, as is the
case, e.g., for the doubly degenerate Ne´el ground state
of the XXZ chain in the gapped region. In the next sec-
tion we, in addition to the XXZ chain, will consider two
other models with the BKT transition that have unique
gapped ground states.
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FIG. 3. (Color online). (a) The finite-size scaling of the peak
position D∗ and its value χL(D∗), for the FS with respect to
the single-ion anisotropy D in the spin-1 chain model defined
by the Hamiltonian (32) with θ = −0.85pi; (b) the same for the
peak position h∗ and value χL(h∗) of the FS with respect to
the staggered field h in the spin- 1
2
anisotropic chain described
by the model (33) at λ = −0.9. Symbols show numerical
(DMRG) results, and lines are fits to scaling laws (21), (31).
IV. NUMERICAL RESULTS
To support our conclusions, we have performed DMRG
calculations6,7 (in matrix product formulation33) of the
FS for the model (2), for large open chains of up to L =
500 sites.34 The resulting FS as a function of λ is shown
in Fig. 2(a): as observed in previous studies for small
systems, there is a peak with the height slowly growing
and the position slowly converging with the increase of
L. We start by fitting the finite-size dependence of the
peak position λ∗ with the help of the ansatz
λ∗ ≃ λ0 + λ1/ ln2(L/a) + · · · , (31)
which can be extracted by using standard scaling
arguments35 on the gapped side of the BKT transition:
since the infinite-system correlation length in the vicinity
of the transition behaves as ξ ∝ ae−B/
√
λ−λc , Eq. (31) is
obtained by postulating that ξ ∼ L at λ ∼ λ∗. Further,
when fitting the peak position λ∗ according to (31), we
fix λ0 = 1, which allows us to extract the cutoff a. Sub-
sequently, we use the extracted value of the cutoff when
6fitting the peak value χL(λ∗) of the FS according to our
result (21). The results of those fits, shown in Fig. 2,
demonstrate good agreement with the theory.
The above picture of non-diverging FS with strong log-
arithmic corrections due to marginal operators should be
a generic feature of any BKT transition. To demonstrate
that, we present here results of numerical studies for two
more models containing such transitions. The first model
is the anisotropic spin-1 chain defined by the Hamiltonian
Hˆ =
∑
n
{Jθ1 (Sn·Sn+1)+Jθ2
(
Sn·Sn+1
)2
+D
(
Szn
)2}, (32)
where Sn are spin-1 operators at site n, J
θ
1 = cos θ and
Jθ2 = sin θ are exchange constants, and D > 0 is the
single-ion anisotropy. For θ ∈ [− 3pi
2
,− 3pi
4
], with the in-
crease ofD this model exhibits a BKT transition from the
gapless ferromagnetic XY phase to the gapped large-D
phase, recently studied36 in the context of spinor bosons.
Numerically, the FS as function of D exhibits a slowly
growing peak,36 quite similar to the picture shown in Fig.
2(a). Here we extend the result of Ref. 36 to much larger
systems37 and show that the finite-size behavior of the
peak height and position is consistent with the scaling
formulas (21) and (31), see Fig. 3(a).
One more model corresponds to the spin- 1
2
ferromag-
netic anisotropic chain defined by the Hamiltonian (2)
with −1 < λ < 0, perturbed by staggered field h:
Hˆ = HˆXXZ + h
∑
n
(−1)nSzn. (33)
For −1 < λ < −1/√2, this model exhibits a BKT-type
phase transition38 to a gapped antiferromagnetic phase
at a finite value of the field h. Our DMRG calculations
for the FS as function of h show the same typical behavior
of a slowly growing and poorly converging peak, and the
finite-size scaling results presented in Fig. 3(b) show that
the numerical data is again consistent with the scaling
laws (21), (31).
V. SUMMARY
We have shown that FS does not diverge at Berezinskii-
Kosterlitz-Thouless-type quantum phase transitions in
one spatial dimension. Instead, it merely exhibits a finite-
amplitude peak in the vicinity of the transition, with log-
arithmic finite-size scaling corrections of the form (21),
(31) which are too easy to confuse numerically with a
logarithmic growth of the peak. The same is true for the
finite-temperature FS, which instead of the claimed14 di-
vergence χ ∝ ln2(T0/T ) at T → 0 should contain log
corrections of the form χ ≃ χ0 − χ1/ ln(T0/T ).
The would-be divergence of the FS, originally
proposed10 on the basis of mapping to Luttinger liq-
uid (LL), and in the meantime enjoying the status of
an established result,14,20,39,40 is an artefact due to the
catastrophic shrinking of the applicability range for us-
ing the LL Gaussian effective description (3) when cal-
culating the FS of the original microscopic model as one
approaches the BKT transition. To identify the correct
scaling of the FS with respect to some perturbation in a
specific model at the BKT transition, it is crucial to prop-
erly identify perturbation in effective description that in-
cludes irrelevant corrections to the LL Guassian Hamilto-
nian beyond the mere renormalization of LL parameters.
From a more general viewpoint, the main message of
this work is a warning about the naive use of the opera-
tor prefactors (”amplitudes”) of the effective action, ob-
tained in the Abelian bosonization: one should not trust
divergences stemming from such amplitudes, since they
will be “healed” by the effects of irrelevant operators not
taken into account in the fixed point action.
On the practical side, our results indicate that using
the FS as a tool to detect BKT transitions (and especially
to extract thermodynamic critical values of microscopic
parameters) is extremely inconvenient, since the uncer-
tainties of logarithmic fits remain too strong, even if one
goes to the largest numerically tractable system sizes.
Other detection methods suggested in quantum informa-
tion theory, e.g., looking at discontinuities of fidelity,41
or using bipartite fluctuations42 might be a better alter-
native.
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